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This paper is concerned with student written records as a means for communication of mathematical thinking in examinations. Included is a comparison of written records of solutions for a common examination item for students who have access to a CAS and those who have a graphics calculator. It was found that CAS students tended to give shorter written solutions than non-CAS students and that there was a move towards use of a mixture of mathematical notation and words in documenting how problems were solved.

Clear communication of written solutions in examinations

Written solutions fulfil two purposes for students, to record the method used to solve a problem and to communicate how a problem has been solved to a second person, often a teacher or an assessor in an examination. Being able to clearly communicate mathematical thinking is an essential skill in examinations. Teachers spend time teaching students how to approach examination questions, and part of this preparation involves consideration of how to communicate solutions to the assessor. In these examinations where students use technology, such as CAS or graphics calculators, written solutions are graded by assessors who are familiar with the mathematics and syllabus studied, as well as the capabilities of the particular technology, but the assessor of any particular student may not necessarily be a user of the same brand of technology as the student. The implication is that the assessor may not know brand specific calculator syntax and so students need to make decisions about what to record to adequately communicate mathematical working (See Leigh-Lancaster, 2003, for more information about the Victorian examination system).

In year 12 examinations in Victoria, Australia, when problems are assigned more than one mark there will generally be marks awarded for use of a correct method, even if the final answer given by a student is incorrect. The consequence for students is that they need to ensure that their written records contain adequate information to illustrate steps in solving a problem, as well as a statement of the correct answer. It is crucial for students to pay attention to the communication of their written solutions so that assessors can follow the logic used to solve problems and judge the correctness or otherwise of students’ solutions. 

The literature associated with communication and argumentation in the mathematics classroom (see for example NCTM, 1998; Krummheuer, 1995; Yackel 2001) deals with communication in the mathematics classroom in terms of dialogue between teacher and student and between student and student. Consideration is given to how student understanding can be developed and demonstrated through classroom communication, however the focus is not on written communication and how students are recording their mathematical work in a written form. In much of the communication literature the work follows the journey of students as they discuss a problem and arrive at an answer, often reacting to questions from their peers or a researcher. This literature is quite distinct from the work in this paper which analyses communication through written solutions. The presentation of written proofs by mathematicians and in textbooks has been discussed (see for example, Davis & Hersh, 1980) but this is also not directly relevant to the present work.

The question of what the elements of an appropriate record might be is increasingly important in a CAS environment where intermediate steps can be assigned to the CAS and where there is an explosion of methods (Artigue, 2001) for solving problems. This is particularly relevant for questions involving a number of steps where students must ensure that their overall plan for solving a problem is clear. 

Some guidelines for new practice (RIPA rubric) have been developed by Ball and Stacey (2003). The RIPA rubric suggests that students’ written records should include reasons and information (or inputs), make sure the plan of solution is clear and give selected answers.  Mathematical notation is encouraged, rather than the use of calculator syntax. The discussion in the next two sections gives some insight into the nature of written solutions in an examination where CAS is allowed and the differences between written records for CAS and non-CAS students. 

The sample examination scripts and the problem

The sample consisted of all 2002 Year 12 Mathematical Methods (CAS) examination scripts (N=78) and the same number of Year 12 non-CAS examination scripts. The CAS scripts were from three schools, while the non-CAS scripts were selected from a stratified random sample from approximately 18000 scripts from all students undertaking Mathematical Methods in Victoria, Australia. To select the non-CAS sample, the number of CAS scripts receiving each grade (A+-E) for examination 2 was counted. The same number of scripts for each grade was selected from the non-CAS scripts by reading down the list of randomly ordered scripts until an appropriate number had been selected for each grade.  For example, if there were ‘x’ scripts that received A+ in the CAS exam then ‘x’ scripts were included in the 78 scripts for the non-CAS group. On average the CAS students performed better than the entire Mathematical Methods cohort (see Leigh-Lancaster, 2003) however the CAS students’ performance was the same as that for the non-CAS students’ scripts included in the sample due to the sampling method.

The CAS students (see www.edfac.unimelb.edu.au/DSME/CAS-CAT, Leigh-Lancaster, 2003 for more information about the CAS-CAT project) sat examinations which were externally set and assessed.  In solving problems in the examination students could choose to use or not use the CAS that was available to them.  The CAS students used a TI89, HP40G or CASIO FX 2.0 CAS calculator and they were able to use their CAS calculator for any aspect of the examination, making their own decisions about whether to use by-hand techniques or inbuilt features of the CAS. Non-CAS students had access to a graphics calculator, however for the question considered in this paper a graphics calculator did not appear to be advantageous and therefore the non-CAS students were limited to use of by-hand techniques. 
The problem that will be discussed in this paper was selected as it was common to both the CAS and non-CAS examinations. Leigh-Lancaster (2003) stated that 80% of material was common for the CAS and non-CAS examination two. Question 1b was selected for analysis in this paper as it involved algebraic manipulation, could be completed by-hand or using CAS and needed more than one step of working either with or without CAS. This enabled comparison of different approaches for recording in CAS and non-CAS students’ responses. Further analysis could consider other common problems where CAS was able to be used for symbolic work.

Figure 1 shows part of the original context in the statement of the problem given to students, followed by question 1b (VCAA, 2002) that is to be discussed in this paper. 

To solve the problem in Figure 1 both the CAS and non-CAS students had to write down the equations that needed to be solved using the given information and neither a CAS nor a graphics calculator provided assistance in this initial setting up of the equations to solve. Students then used either algebraic manipulation or inbuilt CAS features to determine values for a and b.

… According to Fitts’ Law, for a fixed distance traveled by the mouse, the time taken, in seconds, is given by a ( bloge(x), 0 < x ≤ 5, where x cm is the button width and a and b are positive constants for a particular user…

b. Mickey decides to find the values of a and b for his use. He finds that when x is 1, his time is 0.5 seconds and when x is 1.5, his time is 0.3 seconds. Find the exact values of a and b for Mickey.

Figure 1: VCE Mathematical Methods (CAS) Pilot Study Examination 2, 
Question 1 (abbreviated)

Features considered in analysis of written records

Differences in CAS and non-CAS written records have been analysed in terms of length of solutions, use of mathematical notation versus non-mathematical notation and the use of words to describe the written solution. This information will provide some insight into whether anticipated changes in written records when CAS is available are actually apparent in student work. Some changes that might be expected are that students use calculator syntax for recording work and that students’ solutions are shorter, when, as Peter Flynn and other members of our group describe it, the CAS ‘gobbles up’ intermediate steps. Figure 2 describes four categories, M+W(, M+W, M(+W and M(+W(, gives a verbal description of each category and an example of a solution to the problem given in Figure 1.  Written solution 1 is an example of category M+W(. This written solution includes six steps, namely:

· identifying given information (x=1, t=0.5) and using this to write down the subsequent equation

· giving a value of 0.5 for a
· writing down an equation using x=1.5 and t=0.3

· substituting the value a=0.5

· simplify

· write down the value for b
Written solution 2 contains standard notation and words, without any syntax or new notation, so as a result it is included in M+W. Although use of the word DEFINE could be calculator syntax for some CAS, because it has been listed as a word only, with the next line not being calculator syntax, but rather an instruction about what the student assigned to the calculator, this has been included in the M+W category. Written solution 3 shows evidence of M(+W, including words and evidence of non-standard notation with the third line providing the calculator syntax necessary to find values for a and b.

Code
Category
Description
Example
No. of steps 


M+W(
Standard notation only. No use of words.
Standard mathematical notation only for entire solution. No words given to describe mathematical process, although words may have been used in stating answer.
Written solution 1:
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M+W
Standard notation only and words
Standard notation and words used to record mathematical working
Written solution 2:
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M(+W
Evidence of non-standard notation and words.
Solution contains non-standard notation or CAS syntax.  The solution includes words to describe mathematical processes or CAS syntax.
Written solution 3:
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M(+W(
Evidence of non-standard notation and no words
Non-standard notation used in solution, but no words. This solution may also contain standard notation as well as non-standard notation.
Written solution 4:
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Figure 2: Examples of coding of notation in written solutions

Differences between CAS and non-CAS written responses

We will now consider some aspects of the differences between the CAS and non-CAS students’ written responses overall (Table 1) to the problem in Figure 1.  

In considering Table 1, it is necessary to note that students have not been categorised according to whether or not they obtained the correct answer for this problem as the purpose here is to consider whether there was a change in recording and not whether CAS or non-CAS students performed better for this problem.  For interest, the number of correct responses was very similar for both the CAS (48 correct responses) and non-CAS (51 correct responses) samples for this problem.

Table 1: Differences in written records for CAS and non-CAS student responses

Features of solutions in:
Number of

CAS scripts (N=78)
Number of

non-CAS scripts (N=78)

Number of steps in written record:



1-3
10
1

4-6
46
16

7-9
19
35

>9
1
23

No written response for problem
2
3

Notation:



M+W(
29
56

M+W
42
19

M(+W
4
0

M(+W(
1
0

Number of written solutions which contained: 



‘Solve’
30
0

‘Substitute’ or ‘sub’ or ‘subs’ 
11
18

‘Simultaneous’ 
12
2

‘Define’
7
0

Function notation 
29
21

The results from table 1 show that there is a discernible difference in the written records for the CAS and non-CAS students in the sample considered.  Generally the CAS students are recording fewer steps for their written records (average 5.6) compared to the non-CAS students (average 8.3). Given that all students need to write down the equations to solve, in some form or another, and also needed to record final answers for a and b, the main difference is in the intermediate steps where algebraic manipulation is required to find a and b.  Clearly this is where the CAS student solutions would be shorter than the non-CAS written records.

It might have been anticipated that CAS students would use more non-standard notation in their written solutions, but this is clearly not the case for these students, with only a small number of written solutions containing any evidence of non-standard notation. The table suggests that students with access to CAS are much more likely to use a combination of mathematical notation and words to communicate their mathematical working rather than use calculator syntax or mathematical notation. This contrasts with non-CAS students who tended to use mathematical notation, with less than twenty five percent of non-CAS students using any words in their written solutions. Seventy four percent of the CAS students who used a combination of words and mathematical notation obtained a correct answer for this problem. The most commonly used word was ‘solve’ and this could be due to ‘solve’ being an inbuilt CAS command that can be used to either solve two equations separately, finding values for  a or b or to solve two simultaneous equations in one line.  In either of these situations students are not focusing on using a particular mathematical process, say, substitution, to solve for the two unknown values, but instead use the generic ‘solve’ to describe the process they are using. In some ways the students need not think about how the CAS is actually solving for a and b, but need to actually recognise that once the two equations are written down, there is a need to solve and an inbuilt CAS feature can then be used to find the values.  Non-CAS students have a relatively high use of the term ‘substitute’ or an abbreviated form of this term which could be due to the fact that when using by-hand techniques students are really limited to either substitution or elimination to solve the simultaneous equations for a and b.  The non-CAS students did not use the word ‘solve’ at all which suggests that the use of this word in written solutions for CAS students may have developed as a consequence of CAS use. It is likely that some CAS students are replacing the process of ‘substitution’ for solving simultaneous equations with the process that they use which is ‘solve’. It appears that CAS students may be using ‘solve’ in the same way that the non-CAS students use the term ‘substitute’, in that it is describing what they plan to do in the next line of work in a solution and for CAS students this would require use of the inbuilt ‘solve’ feature.  

Using the RIPA rubric, the word ‘solve’ could be considered to be part of the overall plan of the solution indicating that an equation was solved, rather than the capability of the CAS that was used to find an answer.  However it seems that for these CAS students the use of the term ‘solve’ is given as a record of the process used, rather than specifically as a communication device to communicate with the assessor. The CAS students also used the word ‘simultaneous’ much more than the non-CAS students. Once again the use of this word could indicate a procedure that is assigned to CAS, however there is not a CAS command which contains the word ‘simultaneous’. The written solutions could be indicating the process that is necessary for solving for a and b, rather than the steps within the process of solving simultaneous equations that might be evident in a by-hand solution. For example in written solution 2 in figure 2 the student has written down ‘solve simultaneously’ followed by the CAS input that is required to do this.  In this case the student seems to be indicating what the next step in the process is by writing the two words. The actual CAS input is an example of new notation that is evolving as students are using CAS, in this case the recording of the CAS syntax used for the input. Another example is in written solution 4 where( was used to indicate substitution. Is some CAS syntax considered mathematical notation by the students who have this technology as their normal technology?

Written solution 2 in Figure 2 also suggests use of CAS to find a and b, as the answers are given without any intermediate working after the ‘solve’ line, however, ‘solve f(1)=0.5 and f(1.5)=0.3 for a and b’ is not calculator syntax, but instead describes the process the student used to find a and b, rather than what they entered into their CAS calculator. In terms of the other solutions demonstrated by CAS students, most of those using ‘solve’ wrote down a description of the process they followed (similar to written solution 3) rather than correct calculator syntax. In effect, the students are developing a mixture of words and mathematical notation for reporting their solutions. 

Implications

The results from the 2002 examination suggest that students’ practice for recording of written solutions is different when they have CAS as their normal technology.  The noticeable difference is in the length of written solutions, with CAS students writing much less on the whole than non-CAS students and also the use of words to describe processes used to solve problems.  In terms of assessment, the implication for assessors is that they need to be prepared for shorter written solutions and it is likely that in these written solutions students may have replaced by-hand manipulations by descriptions of processes  used to solve problems. These written solutions may appear to be overall plans for solving problems with answers stated, rather than contain the extent of algebraic manipulation that might be expected in a purely by-hand solution. 

There are also implications for teachers.  If CAS student solutions are briefer than non-CAS written solutions then teachers will need to help students develop their ability to communicate essential aspects of their thinking so that the methods they are using for solving problems are clear.   

References

Artigue, M. (2001). Learning mathematics in a CAS environment: The genesis of a reflection about instrumentation and the dialectics between technical and conceptual work. Paper presented at the 2001 Symposium on Computer Algebra in Mathematics Education. Retrieved June 25, 2002 from http://ltsn.mathstore.ac.uk/came.
Ball, L., & Stacey, K. (2003). What should students record when solving problems with CAS? Reasons, information, the plan and some answers. In J. T. Fey, A. Cuoco, C. Kieran, L. Mullin, & R. M. Zbiek (Eds.), Computer Algebra Systems in Secondary School Mathematics Education (pp. 289-303). Reston, VA: The National Council of Teachers of Mathematics.

Davis, P. J., & Hersh, R. (1980). The Mathematical Experience. Boston, MA: Birkhäuser.

Krummheuer, G. (1995). The ethnography of argumentation. In P. Cobb & H. Bauersfeld (Eds.), The emergence of mathematical meaning: Interaction in classroom cultures (pp. 229-269). Hillsdale, NJ: Erlbaum.

Leigh-Lancaster, D. (2003). The Victorian Curriculum and Assessment Authority Mathematical Methods computer algebra pilot study and examinations. Paper to be presented at the 2003 Symposium on Computer Algebra in Mathematics Education. 

National Council of Teachers of Mathematics (1998). In H. Steinbring, M. G. Bartolini Bussi, & A. Sierpinska (Eds.), Language and communication in the mathematics classroom. Reston, VA: The National Council of Teachers of Mathematics.

Victorian Curriculum and Assessment Authority (2002). VCE Mathematical Methods (CAS) Pilot study: Written examination 2. Melbourne: Author.

Yackel, E. (2001). Explanation, justification and argumentation in mathematics classrooms. In M. van den Heuvel-Panhuizen (Ed.). Proceedings of the 25th Conference of the International Group for the Psychology of Mathematics Education. (Vol. 1, pp. 9-24). Utrecht, The Netherlands: PME.

Acknowledgement

Thanks to Kaye Stacey for her valuable comments and insights.

This paper has been produced using data from part of a PhD study.

The CAS-CAT project is supported financially by the Australian Research Council, Hewlett-Packard Australia Ltd, Shriro Australia (Casio), Texas Instruments and the Victorian Curriculum and Assessment Authority Australia Ltd.

� For the purpose of this paper the number of steps is very close to the number of lines in a solution. A full definition for the number of steps cannot be given at this stage but will be included in future work. The definitions for codes are also preliminary and will be further discussed in future work.
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